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Abstract

A buffered double autoregressive (BDAR) time series model is proposed in this paper to
depict the buffering phenomenon of conditional mean and conditional variance in time
series. To build this model, a novel flexible regime switching mechanism is introduced
to modify the classical threshold time series model by capturing the stickiness of signal.
Besides, considering the inadequacy of traditional models under the lack of information, a
signal retrospection is run in this model to provide a more accurate judgment. Moreover,
formal proofs suggest strict stationarity and geometric ergodicity of BDAR model under
several sufficient conditions. A Gaussian quasi-maximum likelihood estimation (QMLE)
is employed and the asymptotic distributions of its estimators are derived. It has been
demonstrated that the estimated thresholds of the BDAR model are n-consistent, each of
which converges weakly to a functional of a two-sided compound Poisson process. The
remaining parameters are y/n-consistent and asymptotically normal. Furthermore, a model
selection criteria and its asymptotic property have been established. Simulation studies
are constructed to evaluate the finite sample performance of QMLE and model selection
criteria. Finally, an empirical analysis of Hang Seng Index (HSI) using BDAR model reveals
the asymmetry of investors’ preference over losses and gains as well as the asymmetry of

volatility structure.
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1 Introduction

A buffering phenomenon refers to the variable of interest sticks in the previous state when the
variable of signal stays in a certain uninformative region. Consider, for example, a decision
making of treatment plan for patients with diabetes. The up-crossing of blood sugar level over
a certain high level ryy will intrigue an inpatient treatment, while a blood sugar level lower than
r;, will evoke outpatient treatment. A doctor may easily choose between two treatment plans
when a patient’s blood sugar level is too high (> ry) or too low (< rz). However, he/she may
become very hesitant to make the decision when the sugar level dwells in [rp,ry], an interval
without any other explicit benchmarks or information. This chaotic interval [rp,ry] is exactly a
typical buffer zone, where a retrospection of the historical data is needed to judge the status of
the variable of interest. Therefore, in this case, a wise doctor might read the patient’s previous
record of blood sugar level. If the blood sugar level swings around 7y within the last week, the
patient will be hospitalized overnight. Otherwise, the doctor will only give a prescription and

require the patient to have at-home treatment.

Such regime switching mechanism was first formulated by |Li, Guan, Li, and Yu| (2015, in an
effort to extend the traditional threshold AR model. Only focusing on the conditional mean
function, [Li, Guan, Li, and Yu| (2015) has not considered conditional heteroscedasticity, which
is, however, an essential part in the models of financial time series. Therefore, |Lo et al.| (2016)
applied the similar idea to the conditional volatility process and proposed the buffered pure
GARCH process in the study of exchange rate. Zhu et al.| (2017)) then introduced the concept of
the buffered autoregressive model with generalized autoregressive conditional heteroscedasticity
(BAR-GARCH) and empirically compared its performance with AR-GARCH and Threshold-
GARCH model by an analysis of exchange rate. However, the theoretical property of BAR-
GARCH model remained unexplored, for which no statistical inference could be substantiated.
Besides, the volatility could not be explicitly computed by observations in a direct way in BAR-
GARCH model.

Statistical test for the existence of threshold and model selection criteria are also crucial in the
construction of buffered models. A quasi-likelihood ratio for the thresholds of BAR model has
been established by [Zhu et al.| (2014), yet similar tests for a more generalized model such as
BAR-GARCH model seems not readily available. Moreover, the application of model selection
criteria (AIC, AICs and BIC) to the order selection in BAR-GARCH model lacks necessary

simulation tests as well as theoretical support.

In this paper, we proposed a buffered double AR (BDAR) model that captures the stickiness



through applying a novel regime switching mechanism established by |Li, Guan, Li, and Yu/ (2015)
to double AR (DAR) model (see Ling| (2004, 2007)), [Zhu and Ling| (2013)). The theoretical prop-
erties of the proposed model are thoroughly investigated. Unlike the BAR-GARCH model, the
conditional variance of each regime in the BDAR model is governed directly by past observations

which allows a visible dynamic behavior of conditional volatility.

The remainder of the paper is organized as follows. Section 2 proposes the buffered double
autoregressive (BDAR) model. Formal proofs suggest strict stationarity and geometric ergodicity
of BDAR model under several sufficient conditions. A Gaussian quasi-maximum likelihood
estimation (QMLE) is employed to compute the estimators in this model. The strict proof
reveals the asymptotic normality of the estimated coefficients governing the conditional mean
and variance of each regime in the BDAR model. More importantly, it has been demonstrated
that each of the estimated thresholds of the BDAR model is n-consistent and weakly converges
to the smallest minimizer of a two-sided compound Poisson process. Our results include the
buffered AR (BAR) model (Li, Guan, Li, and Yu| (2015])), threshold double AR (TDAR) model
(Li, Ling, and Zhang (2016)) and traditional threshold AR (TAR) model (Tong (1990)) as
special cases. A Bayesian-type information criteria (BIC), as well as its asymptotic property,
are formally derived in section 3 for selecting orders of DAR models embedded in the BDAR
model. Section 4 conducts several Monte Carlo simulation experiments to evaluate the finite
sample performance of the Gaussian QMLE and proposed BIC. Finally, the model is applied to
Hang Seng Index (HSI) in Section 5 to show the asymmetry of investors’ preference over losses
and gains as well as the leverage effect of the stock market. All technical proofs are relegated to

Appendix.

2 Buffered double autoregressive models

Consider the following buffered double autoregressive (BDAR) model:

P10+ Db rive—i + € \/0410 +3 0oy iR =1

Yt = )
$20 + Zf=1 D2iYt—i + €t \/0420 + Z§=1 Ozzjyf_j if Ry =0

L ifya<rp
Ry = 0 ifyp_q>ru
R;_1  otherwise
Where ago > 0 with ag; > 0 for k =1,2 and j =1,...,p. And {e;} are identically and inde-
pendently distributed (i.i.d.) random variables with mean zero and variance one. The integer

d > 0 is the delay paramerter and r; < ry are the boundary parameters of buffer zone. We



denote the model by BDAR(p) for simplicity. Note (2.1]) includes the BAR model proposed by
Li, Guan, Li, and Yu (2015) as a special case. When r;, = ry, (2.1), the model becomes the
threshold double AR model proposed by [Li et al.| (2016).

Denote Vi = (Y, Yi—1,-- - Yt—pt1,. Be)', my = ¢1.0(AL) + ¢ I(AY), where A; is the event
{yt—a <7} U{rr < yt—a < rv, Ri—1 = 1} and A§ is its complement. After introducing nota-
tions Moz, My, g1(Yi—1) and go2(Yi—1) as follows, we can show that Y; = g1(Yi—1) + €:92(Yi—1)

forms a Markov Chain.

-¢IOI(At) + ¢201(A§)_ (i mae . M 0 ]
0 1 0o ... 0 0
My, = My =
0
i I(ys—a <7L) ] | 0 0 ... ... I(rp<yta<ru)]

91(Ye—1) = Mos + M1 Y

\/(alo + 2o anyi I (Ar) + (20 + 3201 aojyp ;) 1(AF)

0
92(}@71) =

By applying a method similar to Lee| (2006]), several sufficient conditions are obtained for the

geometric ergodicity of {Y;}.

Theorem 1. Suppose the distribution of e; has a positive density f over R and E|e¢|* < oo for
some s > 0. Moreover, f is locally bounded away from 0 and satisfies sup,cp{(1+]|z|) f(2)} < oo,
then the multivariate process {Y;} is geometrically ergodic and hence admits a strictly
stationary, geometrically ergodic solution if one of the following conditions holds:

(i)-2§:1 (Sup1§i§2 |pij|” + SuPlgng(a:j/2>E|5t|T) <1, re(0,1].

(ii)~(2§:1 SUPj << ‘¢ij|)r + Z?Zl SuP1g¢g2(Oé:j/2)E|Et\T <1,r € (1,2] and f symmeltric.
(iii).(1 + 3E(f)) (352 supi<i<a |93 )* + (E(ef) + 3E(e)) (-1 subi<ico 0y)® <1, 7 =4

Such conditions are easy to check but may be restrictive. Obtaining more general sufficient and

necessary stability conditions seems difficult and thus is left for future research.



3 The QML estimator of BDAR(p) model

3.1 Estimation procedure

This section considers the Gaussian quasi-maximum likelihood estimation of the buffered double
AR model specified in (2.1)).
Denote by 6 = (X', rp,ry,d) the parameter vector of model [2.1), A = (¢, a}, ¢4, af) with

@ = (bio, Pi1s - - -, Pip)’ and o = (a0, i1, . .., 4p) and

u(0) =yr — pe(0), pe(0) = (@ Y1,6—1)Re(rr,rv,d) + (¢4 Y2,—1)(1 — Ri(rr, 70, d))

ht(O) = (a;Xl’t_l)Rt(TL,TU7 d) + (aéXQ,t_l)(l — Rt(TL, Ty, d))
(3.1)

with Y141 = Ya4 1 = Yi1 = (Lys—1,-- %) and Xy 1 = Xoy 1 = Xg1 =
(L,y71,..-,y7_,). The conditional log-likelihood function (after multiplying -2 and omitting
some constant) is defined as

u?(0)
h(0)

L,.(0) = ilt(B), where [4(0) = logh:(0) +

Let A be a compact set of R4P+4, [a b] be a predetermined interval, and d,., be a prede-
termined positive integer. Assume A € Aja < rp < ry < bandd € D = {1,...,dnaz}
The true parameter vector is 89 = (Xo’, 7oL, 7ov, do)’ and the true regime indicator function is

Ryo = Re(ror,mou, do)

Let no=max{p, dmas}. For observed time series {y;, —no + 1 < t < n} generated by (2.1)), the
likelihood functions defined in the above depend on past observations infinitely far away, due to

the novel regime switching mechanism. Hence, initial values are needed to fit the model.

As discussed in |[Li, Guan, Li, and Yu| (2015)), for fixed (rp,ry,d), the first few observations of
the threshold variable y;_4, say 1 < t < ¢y may fall into the buffer zone (rr,ry] such that the
regime which y1, ...,y belong to cannot be identified. Note these ¢y observations come from
the same regime since the threshold variables keep staying in the buffer zone. We may simply
assign these ty observations to lower regime and denote the resulting regime indicator function
by ﬁt(rL, ry,d). Note the value of Ry, 11(rr, 7y, d) is known since y,4+1—q4 is outside the buffer

zone and it is clear Et(T’L, ru,d) = Ri(rp,ry,d) when tg <t <n.

Denote by l~t(0) and in(O) the corresponding functions with R;(rr, 1y, d) replaced by Et(m, ru,d).
We can then define the Gaussian QMLE of the true value 6g € © as én = argming_g f/n(B) .



One can take two steps to search 0,

e First minimize ,, for each fixed (rp,ru,d), ie.

X'I7,(7/‘[/77/‘U7 d) = arg inel_r[i in(A,T’L,T’U, d)

e Search for the estimators of (rp,ry,d) by

(fr,7y,d) = arg L, (rp, 7, d), 7,70, d)

min
deD, a<rp<ry<b

Then we obtain 8,, = (X:L,fL,fU, d)'.

3.2 Asymptotic Results

Assumption 1 pr(y: € [a b]) < 1, & is i.i.d. with zero mean and unit variance, and has a

positive and continuous density f(z) on R.

Assumption 2 The parameter space
A= {)\ € R+ . ¢y £ g and oy # az} is compact. Moreover, each element in a; or ag is

positive.

Theorem 2. Suppose Assumptions 1 and 2 hold and {y.} is strictly stationary and ergodic with

Ey? < oo. Then én — 0 a.s. as n — 0.

The proof of Theorem 2 follows the standard arguments in proving strong consistency. The
delay parameter d only takes integer value. By theorem 2, when the sample size n is large, d
will be equal to dg. As in|Li, Guan, Li, and Yu (2015), we assume the true delay parameter, do,
is known for the remainder of this subsection, and then it is deleted from the parameter vector

6 and corresponding functions.
Assumption 3 k4 = E(e}) < oo and E(y}) < 0.

Assumption 4 The conditional mean function g4 (0) or volatility function h¢(0) in (3.1)) are dis-

continuous over the buffer zone [ror, 7oy, i.e. there exist p—1 constants Zp—1ye - Zp—dt11Zp—d—1,- - 120

such that
{(#10 — #20)' 2} + {(@t10 — 20)' Z}* > 0
for all z,_4 € [ror, rou] where z = (1, 2p_1,...,20)" and Z = (1,2571, ..., 23)". Without loss of

generality, here we assume that d < p.



Let Y: = (yts- -+, Yt—pt1, Re) then {Y;} is a Markov chain as shown in previous section. Denote
its m-step transition probability function by P™(z, A), where 2 € RP x{0,1}, A € B, xU, where
B, is the class of Borel sets of R? and U = {0, {0}, {1},{0,1}}

Assumption 5 The time series {Y;} admits a unique invariant measure 7(-), such that there ex-
ist K >0and 0 < p < 1forany z € RP x {0,1} and any m, ||[P™(z,-) —7(-)|, < K(1+|z|*)p™,

where || - ||, and || - ||are respectively the total variation norm and Euclidean norm.

Under Assumption 5, {Y;} is said to be V-uniformly ergodic with V(z) = K(1 + ||z|?), a condi-

tion stronger than geometric ergodicity.

Theorem 3. Suppose Assumptions 1 to 5 hold and 8q is an interior point of ©. Then:

(1). n(fr —ror) = Ou(1) and n(fy — rou) = Op(1)

(11). /NSy (r —rou |+ Irs —ror )< B IAn(rr,70) — A (ror, rov)|| = 0p(1) for any fived constant
0 < B < oo, where j\n(rL,rU) is the QMLE given rp,ry are known. Furthermore, it follows
that:

\/ﬁ(j\n —Xo) = \/ﬁ(;\n(TOL,TOU) —Xo) +0,(1) = N(0,271EQ71), as n — oco.

Where Q2 = diag(A;1,0.5B1, A3,0.5B5), % = diag(X1, Xa) with

K
L K3 ’ Ka—1 ’
S D; B

where k3 = E(g3)

Yie—1Y . 4 Xie—1X] o1
Ai=F {7agoxi,t—1 gi(ror,rov) ¢ Bi = £ @ Xin)? gi(ror, rov)

D. =E Yi,tflxi{,t—1
i = (@ Xt 1)3/2gi(TOLaTOU)
10V i t—

with g1(ror, o) = Re(ror,rov) and g2(ror,mov) = 1 — Re(ror,Tov)

[ee]
To study the limiting distribution of 77, and 7y, denote the &; = > Crie+iHeqj; and &g =
j=0

o0
> Cot4jHiyj g, where
i=0

afoXi—1 n {(¢10 — 920)"Yi—1 — €1/ oo Xt—1}> 2

Cir = log
e Xt—1 afoXt—1 !
ahoXi—1 | {(¢10 — ¢20) Y1 + e/ Xe 1},
Gt = log — + ; — €
oo Xt—1 an X1
J 0
Hij= 1] 1(ror < Yt—d+1—1 < rov) with convention [] =1
=1 =1



Similar to [Li, Guan, Li, and Yu| (2015)), for ¢ = 1,2, denote F; (-|r) and F;y(:|r) be the
conditional distribution functions of &;:{1—R;—_1(r¢)} and &;; R;—1(ro) given y;—q = r respectively,
where rog = (ror,mov)’. Denote 7(-) the density function of y;. Then define two independent

one-dimensional two-sided compound Poisson process:

N NE2D o g
or(t) =1(t = 0) kz X, 41t <0) kz Xy
=1 =1
N (1)) o N5 (1)) @)
pu(t)=1(t > 0) kzl Xy +1(t<0) kzl X5

where X;f’L) and X,(:’U) have conditional distribution functions F; r,(:|ror) and F; i (-|rov) respec-

tively, i = 1,2. {N(¢),t > 0}, {N (1), t = 0}, AN (), ¢ > 0}, {N{V) (1), ¢ > 0} are four inde-
pendent Poisson Processes with Nl(L)(O) = NQ(L)(O) = NI(U) (0) = NQ(U)(O) =0. Nl(L)(-), NQ(L)(~)
have jump rate m(ror), while Nl(U)(-),NQ(U)(-) have jump rate w(roy). Moreover, NfL)(-) and

NI(U)(-) are right continuous. NéL)(-) and NéU)(-) are left continuous.

It is implied by Assumption 4 that E[X,(cl“j)] and E[X,(f’j)] > 0for j = Land U. Then ¢,;(t) = oo
a.s. as [t| — oco. Then define p(2) = pr(z1) + pv(zv), where z = (z1,2r) € R% As in
Li, Guan, Li, and Yu| (2015) and |Li, Ling, and Zakoian| (2015), there exists a unique ran-
dom square [MEL),M_(FL)) X [MEU),MLU)) on which ¢(z) attains the global minimum, where
[MD, M) = argmin,  05(1).

The following theorem states that n(7r, — ror) and n(#y — roy) converges weakly to a functional

of the compound Poisson Process ¢(z).

Theorem 4. If Assumption 1 to 5 hold, then n(fr — ror) — M and n(fy — roy) — MY,

Furthermore, n(tr, — ror), n(fy — ror) and \/ﬁ(j\n — Xo) are asymptotically independent.

3.3 Model Selection

We consider the Bayesian Information Criteria (BIC) for model selection, since BIC outperforms

AIC for buffered type models, see [Li, Guan, Li, and Yul (2015).

Ry and no = n —ny

=

Write for simplicity R, as the QMLE estimator of Ry (71, 7y, aZ) ny =
Then define

t=1

BIC(p) = Z 1:(0) + (2p + 2)logny + (2p + 2) log ny

t=1



where 1;(0) is defined in Section 3.1. Let pg be the true order of the model and py.x be a

predetermined large order. p, = argming,<,  BIC(p) Then,

Theorem 5. If Assumption 1 to 5 hold, then Pr(p, = po) — 1 as n — co.

4 Simulation studies

We first examine the finite sample performance of QMLE. We use sample size n = 400, 800, each

with replications 500 for the following model

—0.14 0.2y, 1 + 0.1y, 5 + & \/0.1 +0.3y2_, + 0.052_, R =1
0.1— 0.2y 1 + 0.3y + 5,5\/0.05 F0.242 | +0.1y2, R, =0

Y =

with the regime indicator
1 if ;4 < —0.1
Ry = 0 ifye—q >0.15
Ry 1 otherwise
where {£;} are independently and identically distributed with standard normality. The estima-
tion procedure discussed in Section 3.1 is employed. The range of the boundary parameters r,
and ry is set from 10th percentile to 90th percentile of each sample. And the maximum delay
parameter d,q. is set to be 6. For each sample size n = 400,800, d can be correctly identified
for all 500 replications respectively. The bias, the empirical standard deviation (ESD) and the
asymptotic standard deviation (ASD) are listed in Table 1. We can observe the bias and the
empirical standard deviation decrease as the sample size increases and all the ESDs are close
to corresponding ASDs, which are consistent with the asymptotic results in Theorem 2 and
Theorem 3. Note the ASD of boundary parameters r; and ry cannot be estimated and only
the ESD are included in Table 1. We observe the ESD of ry and ry are approximately reduced
by one half when the sample size doubles, which is evidence supporting the super-consistency
of boundary parameters. For each sample size, the histograms of n(fz, — ror) and n(fy — rov)
are displayed in Figure 1, whose shapes are close to the ones reported in |Li et al.[ (2013]) and [Li,

Guan, Li, and Yu (2015)

We now evaluate the finite sample performance of model selection criteria (BIC) in Section
3.3. The data generating process is the same as (4.1). The sample size is 800, and there are
150 replications. The maximum order p,,q, for each regime’s conditional mean and conditional
variance is set to be 6. And the maximum delay parameter d,,q, is still set to be 6. As a result,

the BIC correctly identifies all true orders at a rate of 100%.



5 Empirical Analysis

This section considers the weekly closing prices of Hang Seng Index over the period January
2000 to December 2007. We focus on the log return in percentage y; = 100(log P; — log P;_1),
where P, is the weekly closing price at time t. There are 417 observations of {y,} in total. The
plot of {P;} and {y:} are displayed in Figure 2. |Li et al.| (2016]) have studied this series and they
conclude the existence of nonlinearity, ARCH effect and threshold effect through Tsay’s test
(Tsay| (1986)), Mcleod-Li’s test (Mcleod and Li| (1983])) and their score-based test respectively.
The two-regime threshold double autoregressive model (TDAR) is employed to fit the data in
Li et al.| (2016). Since TDAR model can be considered as a special case of BDAR model, it

motivates us to consider the proposed BDAR model to fit the percentage log return series.

The range of boundary parameters r;, and 7y is from the 10th to the 90th empirical percentiles
of observations. The maximum delay parameter d,,., is set to be 6 and the maximum order
Pmaz for each regime’s conditional mean and conditional variance is set to be 5. Based on BIC,

we have the following fitted model:

. 0.39370.2621 + 0.0385¢0.1318Y¢—1 + 0.20930.0894Y:t—2 + £¢0%¢ R =1 (5.1)
t —_— .
—0.5992¢ 2665 + 0.23540.0970Yt—1 + €10 R, =0
where
02 . 5.39910_9225 + 0.54320_1583%2_1 + 0.17870_116124,52_2 Rt =1
2 —
3.44730 7086 + 0.02630.0509y7_1 + 0.06780 0578Y7_o + 0.14160 0631975 R;=0

with the regime indicator

1 if y.—1 < —0.2048
R = 0 ify—1>0.8770
R;_1 otherwise
where the subscripts of parameter estimates are their associated standard errors. Figure 3 dis-
plays respectively ACFs of residuals and squared residuals, and they slightly go beyond the 95%
confidence bands only at a few lags, which partially suggests the adequacy of the fitted model.
To further investigate the fit-adequacy, the Ljung-Box test statistic ), and the McLeod-Li test
statistic @m are employed. Generally, m takes value 6 and 12, see Tse| (2002) for a discussion on
the choice of m. The p-values for of Qg, Q12, @6 and @12 are 0.6590, 0.3666, 0.8200 and 0.4013
respectively, which further suggests the fit-adequacy at 5% significance level.

The asymmetry of the buffered zone around 0 might be interpreted as market participants are

more sensitive to losses and gains. Based on the fitted model, the investors require the return of

10



previous week to go above 0.8770% to confirm a good time, approximately three times larger in
absolute value than the signal of a bad time. When the previous week’s return lies in the buffer
zone [-0.2048% 0.8770%)], investors are not sure about the market condition, so they trace back
to learn R;_1, which may depend on returns several periods ago. Therefore, the buffered double
autoregressive model will further rely on the information contained in the dynamic momentum
structure, when the past week’s return alone is not quite informative on the market conditions.
The BDAR model provides a more realistic characterization on the regime switching mechanism
than the traditional two-regime threshold type model. The sudden switch of the probabilistic
structure as in the traditional threshold time series models can be delayed by the incorporation

of the buffer zone.
Another feature of the fitted BDAR model is the asymmetry of volatility. The coefficients in the

lower regime’s conditional variance is much larger than their counterparts in the upper regime.

This asymmetry can be interpenetrated as the stock market is more volatile during bad times.

11



6 Appendix

6.1 Proof of Theorem 1

As in the main part of the paper, define

Yt
Yt—1
Yt =
Yt—p+1
Ry
P10l (At) + p20l (Af) mig Map ... Mpt 0
0 1 0o ... 0 0
MOt = Mlt =
0
| I(y-a<rL) | 0 0 ... ... Ilrp<ya<ry)

91(Yi—1) = Mo, + M1, Y,

V(@0 + 0 a2 ) I(A) + (azo + X0, azyy? ) 1(47)

0
92(5/}71) =

Y =g1(Yi—1) + €92(Yi—1) forms a Markov Chain
Let BP be the class of Borel sets of R?, pu,+1 be the Lebesgue measure on RP*! and

u={0,{0},{1},{0,1}}

We denote its state space by (RP x {0,1},BP x U, u,+1) and sets its transition probability

function as:

P(x,A) = [, fe(y)dy, =€ RPx{0,1} and A€ B’ xU

12



Where A; = {e: eg2(x) + g1(x) € A} and f(-) is the density of €.

By a method similar to Lemma 1 and 2 of (1998)), it can be shown that the chain is

tp+1-irreducible and aperiodic, and non-null compact sets are small sets.

Before we proceed, we need to state one lemma and one theorem. The lemma is proved in

(2006)) and the theorem comes from (1983)):

Lemma 6.1. (Lemma 2.2 in (2006)) Let V(z) = >oi vilzil" 2 = (21,22,...,2n),n €

Ztor > 0. If Y0 & <1 with& > 0, we may choose v; > 0,4 = 1,...,n so that for some
positive constant p < 1,y (31 &lzi|™) + Y ig vilzica|” < pV (2).

Theorem 6.2. (Theorem 4 in (1983)) Suppose that the Markov process {Y; : t > 0}

s aperiodic p-irreducible and B is a small set. Suppose there are constants p < 1,¢ > 0 and a

measurable function V' =1 such that

EV(Y)|Yic1=2] < pV(z) — €,z € B°

sup.ep E[V(Y1)[Yi1 = 2] < o0

then the Markov process Yy is geometrically ergodic.

We continue the proof. Let b; = {Qag2|¢ij|,0 <J<p, aj= 171<”L(1<962aij,0 < j < p. Define a test
R X

function V' by:

p
V(Y1) =3 vilyerr—i|" + 1
=1
P p 9 1
lyel < bo + -21 bjlye—;| + lecl(ao + Zl ajy; ;)2
j= j=

Define:

p
sl(yt*h cee 7yt*p) = bU + Z |yt*j|b]'
j=1

P

1

52(Ye—1s- - Yt—p) = lao + § yt{jaj]z
j=1

13



Similar to [Lee| (2006)), we have:

P
6+Zb§|yt_j\r, 0<r<i1
P
(1+e)" ij )Y Zb lye—;1"), 1 <r<2,Ve>0,3M(e)s.t.||Yio1|| > M(e)
j=1 -

sh < aoJrZaz\yf iIN 0<r<2

Moreover, when 0 < r < 1, by basic inequality, we have E[|y|"|Yi—1] < s] + shE|e|”

When 1 < 7 < 2, note ¢ is symmetric by assumption, by the following inequality:
I+2)"+(1—-2)" <2(z|"+1),-1<z<1
we can show that
T 1 ks T ' s ks
Ellsy + soee|"[Ye-a] = S Ellsy + szee” + [s1 = soee|"[Ye-1] < 81 + 53 Eet]
Therefore, E[V (Y)|Yi—1]

»
<Sn(st+s5Ele]") + Z'Vi‘yt+1—i|r +1

i—2
p p

<N Y Gyl + ) vilyeri—i "+ 1+ C,
i=1 =2

where C is a generic notation for positive constants

P P
) Do+ aiElel’ 0<r<1
j=1 j=1
z;& B P P T
L+ O b)) +> aZElal", 1<r<2,¥e>0,3M(e),st.|[Yia]| > M(e)
j=1 j=1

By Lemma 6.1} we can set Z & < 1landfind v; > 0,i=1,...,p such that for ||z]| > M, 3 some
constants p < 1, E[V (Y})|Yt 1 = 2] < pV(2) + Cs. Thus, inequalities in Theorem [6.2] hold with
some € > 0 and compact set B = {||z|| < M} for sufficiently large M < oo, since V(z) increases

as ||z|| increases. Hence, we obtain the geometric ergodicity and hence the strict stationarity.
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p
To prove the third part of the theorem, define V(z) = Y v;2} + 1 from E(e;) = E(€}) = 0 for
i=1

Bl(s1 + sa€0)![Yeo1] < [(1+3E(e))s] + (Bef + 3E¢})s))]

(1+e)* Zb]ytj Z Dk
1
jp
s3< (1+¢€)? Z ]yt ;)

Therefore for ||z|| > M

M-s i

<.
Il
-

E[V (YY1 = 2] <n{[L +3B(e)]s1 + [E(ef) +3E(e])]s3} + Y vilyrr—al* +1

=2

b b
Sl Zfz‘|yt—i\4 + Z%\yt+1—i|4 +1
i=1 i=2

M*@

where 3° & = [1+8B(D)](1+ (3 b;)* + [B(ef) + BE(E)](1 + )2( Y aj)?

1

J
p

By Lemma (6.1} we can set Y & < 1 and obtain the geometric ergodicity as we do in proving
i=1

the first two parts of the theorem.

6.2 Proof of Theorem 2

Before we prove Theorem 2, we introduce some notations and a preliminary result.

Denote the parameter space as ® = A X [a, b] X [a,b] X D, where A = A1 X Aa.

Parametre vector @ = (¢, o, ¢4, ab,rp,ru,d) = (A, Xy, rr,ru,d)’, where

A = ®1 Ag — $2

(631 (65}

Recall in the main body of the paper, we define

1(6) = loghu(0) + 533

= Ri{log h1¢(0) + [ythut;()a)]

[y: — Mzt(e)]Q}

}+ (1 — Ry){log h2t(0) + Foae (0)

where for i=1,2
1it(0) = ¢io + pianys—1 + -+ PipYi—p
hit(0) = o + iryp 1 + -+ + Qipli,

We further denote it as 14(0) = Ril1+(0) + (1 — R:)l2¢(0), with

15



[yt — Hlt(e)]2
h1:(0)

[Ye — M2t (9)]2
h2:(0)

If Assumption 2 and conditions in Theorem 2 hold, Lemma B.2 in [Ling (2007)) implies that

11¢(0) = log h1:(6) +

l2¢(0) = log h2¢(6) +

E[sup|lit(0)]] < oo i=1,2 and E[sup|lt(0)|] < oo (6.3)
GSS) <G

This preliminary result will be used to invoke dominance convergence theorem in the following.

We are ready to prove Theorem 2 now.
Proof of Theorem 2

Following the method in Huber(1967), it is sufficient for us to verify the following three claims:

o S1: sup%|I~/n(9) — Ln(8)] =25 0, where L, () is the modified likelihood function de-
0cO
fined in the paper.

e 52: E[l4(0)] is uniquely minimized at 8 = 6y = (P}g> O10» Pags Xags ToLs ToUs do)’

e S3: E[ sup |[14(0) — 1:(0%)]] 25 0asn — 0, where U, (0) = {6* € ©,]|6* — 0]|| < n}
0*cu, )

Let us first show S1:

n

HEn(8) — Ln(®)] = 11D (0(0) — L(6))|

- o | ke
={1—-R1) || 1(rL <yp—a < TU)}{g [11£(0) — 12:(0)]}
kn . 1 kn .
< || Wa<yia < b){g (L1£(0) — 12:(0)]}

If &2 — 0, then clearly sup %|in(0) —L,(8)] =0
6 € e

If %” — a positive number (constant), then by ergodic theorem, Assumption 1 in the paper and

(6.3), we have:
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sup - %[llt(e) — 12¢(0)] == Efsup(l1¢(0) — 12¢(8)] < E[sup[l1¢(6)] + E[suplz¢ ()] < oo
0o 6o 0o 6o

t=1

Moreover, by Assumption 1,

kn
;% > Wyt—a <aoryiq>b) = Pr(yi—a <aoryq>0b)>0
n t:l

ky, kn
Pr(lim J[l(a<yqa<b)=1)=Pr(lim =3 l(y_a<aory_q>b)=0)=0
kyp—00 t=1 kp—o00 "M t=1
kn
i.e., lim [] 1(a < yt—q < b) = 0 as k, — .
kyn—00 t=1

Therefore, we still have sup %|in(0) — L, (0)] — 0. We finish the proof of S1.

[ SNC]

Let us then show S2:

Eeo{lt(e)} - E9o{lt(90)}
= Ep,{[11¢(0) — 11¢(00)| Rot R } + Egy{[l2¢(0) — 12¢(00)](1 — Rot)(1 — Ry)}
+ E9o{[l1t(0) - l2t(00)}(1 - ROt)Rt} + Eeo{[th(e) - llt(ao)]ROt(l — Rt)}

Consider Ey,[(11£(0) — 12t(00)) Ro: Ry

’ ’
alXt—l al(]Xt—l

(P10 — 1) Yea)?

= Fy, {(1 -1 RotR
90{( 08 a;_OXt—l a'lXt_l + a;.Xt_l ) 0t t}
By log%—l—z— 1 > 0, we know:
. . . a;Xt_]_
Ep,{[11:(0) — l2¢(0)]Ro: R: } = 0 with equality iff —2~>— =1 and
alOXt_l

((]-"10 - ¢)1)/Yt—1 =0,i.e.,a1 = a19,%1 = P10

Similarly, we have:

V4
Fo,{[120(0) — 126(80)](1 — Ros)(1 — Re)} > 0 with equality iff -2225t=1
Ot Xt—1

(¢20 - ¢2)/Yt—1 =0,1.e., a2 = azg, P2 = P20

=1 and

For the third term, we have Eg,{[l1:(0) — l2¢(00)](1—Ro:)R:} > 0. Since we assume ¢10 7# ¢20

and a9 7# @20, Fo,{[11¢(0) — 12¢(00)](1 — Rot)R:} = 0 implies Fy,{(1 — Rot)R:} = 0, from
which it can be deduced, following the same argument in proving Theorem 2 in|Li, Guan, Li, and
Yu|(2015)), that d = do, 7 > rop,ru = roy. Similarly, from the last term Eg, {[l2¢(0) — 11¢(00)] Rot(1—
R;)} =0, we have d = dy, rp, < ror,rv < roy. We thus finish the proof of S2.

Let us further show S3:
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0" € U,(0)

1(67) — 1:(0) = {11(0") — 114 (0) } Re(ry, 77, d)
+11t(0) [Re(rL, ri.d) — Re(re,ru, d)]
+ [12¢(0™) — 12¢(0)][1 — Re(r, ryy, d)]
+ 12t (O)[Re(rr,ru, d) — Re(ry, 77, d)]

llt(0*) — llt(G) = IOg aI/Xt,1 — IOg allXt_]_
(ye — d3'Ye1)? — (g — Py Ye1)?

Py
oy Xt_]_

1 1
+ (ys — ¢, Yi_1)? —
(yt ¢1 t 1) [aI,Xt—l allXt_l

+

]

By Taylor’s expansion and a method similar to |Zhu and Ling) (2013)), we have:

E[ sup |logat'X; 1 —logas'X;—1]] -0 as n—0
0 €U, (0)

(ye — 93 Yer1)? — (e — p1'Ye—1)?

E[ sup | [—0 as n—0

0*€U,(0) aI,Xt—l
1 1
E[ sup |(y: — 1 Ye—1)*(— - )] =0 as n—0
[H*GUW(G) L allXt_l a;Xt_]_ ]

Therefore, the first and third terms in expression (6.4) can be dealt with.
We now look at the second term in (6.4)).
Since 11¢(0) and R.(r} ,7(;,d) — Ri(rr, v, d) have non-overlapping parameters,

E{ sup l1t(0)[Re(ri,ri,d)—Re(rn,ru,d)]} = E{ sup 11:(0) sup [Ri(ri,ri,d)—Re(ro,ru,d)]|}
0% €Uy (0) 0% €U, (0) 0% €Uy (0)

Li, Guan, Li, and Yu|(2015) shows that E{ sup |Ri(r},7{;,d)—Re(rp,7v,d)|} =0 as n—
0*€U,(6)
0. Combining this with E[ sup [l1£(0)]] < co and using dominated convergence theorem, we
6+ €U, (6)
have:

E{ sup U14(0)[Ri(rf, 7}, d) — Re(re,ru,d)]} = 0asn—0
9+ U, (0)

18



The fourth term in (6.4)) can be dealt with in the same way. We thus finish the proof of S3.

Based on S1-53 and |Huber| (1967)), Theorem 2 is proved.

6.3 Proof of Theorem 3

We first prove the super-consistency of the estimated boundary parameters at Claim (i). Note
in Theorem 2, we know 0,, is strong consistent. Therefore, without loss of generality, we restrict

the parameter space to a neighborhood of 6.

Define w(A) ={A e N a<r, <ry <b:||A—=Xol|| <A,|rp —ror| < A, |ru —rou| < A},

where 0 < A < min{1, ©U57L } will be determined later. As in |Chan| (1993)), it is sufficient to

show for any € > 0,3 a positive K such that:

Pr(in()\, ror + ZL,ToUu + ZU) — En()\,’l"QL, TOU) > 0) >1—c¢ (65)

where A € w(A), |z > £, |2y > £,

We consider the case p =d = 1,z;, < 0 and zy > 0. Denote the disjoint events:

Ag = {rov <ys—1 <rov +2v, Ri—1 = 1}

By = {ror + 2L < yi—1 < 1oL, Ri—1 = 0}

A; ={ys—1 € (ror,rou)s - - - Yt—i € (Tor, rov)s Tov < Yp—i—1 < rov + 2u, Ri—im1 =1},i > 1
B; = {yi—1 € (ror,rou)s - - s Ye—i € (ror,rov)s Tor + 21 < Ye—i—1 < ror, Re—i—1 =0},1>1
oo oo
where Ry = Ri(ror, + 21, 7ou + 2u). Denote Ay (21, zv) = U Aj, Bi(zr,2v) = U B;
=0 =0

As in |Li, Guan, Li, and Yu| (2015), we have:
Ry(ror + zr,7ou + 2v) — Re(ror, rov) = HAs(zr, 2v)} — H{Bi(2L,2v)}
Moreover, Bi(zr, 2zv) C {R¢(ror,mov) = 1}, Ae(zr, 2v) C {Re(ror,mov) = 0}. As a result,

L,(X ror + 21, 70U + 2v0) — Ln (X, 7oL, Tou)

(114(8) — 12¢(0)) [1{As (2L, z0)} — Y Bt (21, 20)}]

I
NE

~
I

1

(116(6) — 120() L{Au(21. 20)} + ) (126(8) — L2 (8))L{Be(21. 20)}

1 t=1

[
NE

o
I

L1n (21, 2v0) + Lon (21, 2v)
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Our next step is to show that

Pr(Lin(zn,2u) >0) >1—¢

when X € w(A), —A <z, <0, £ < 2y < A

n

Define Q., (zv) = E[1{A¢(2L, zv)}]

n

Qn,zL (ZU) = % Z 1{At(ZLa ZU)}

t=1

By a calculation, we can obtain

n

> [L16(0) — 126(0)][1{As (21, 20) }]

Lin(z,2v) _ =1

nQZL(ZU) nQZL(ZU)
n o X1 | ahyXi g {(p20 — $10)'Ye—1)>
log £30 20 1 1{A
tz::l[og o Xt—1 * o Xi—1 N o Xi—1 Az, 20))
nQn,zL<ZU)
n_ 9 - "Y1 oh X
Z (¢20 ¢2)/) Xt ! 2072¢ 1€t1{At(ZL72U)}
Jrt:l 10 t—1
nQn,zL(ZU)
n — 010)' Xi
3 Laz0 2 010) Koo (2 1)104, (2, 20))
4 i=1 o Xt—1 +Op(2)
nQn,ZL(ZU)

Note in the first term,

log — 7 7
050 Xt—1  ajpXi1 oo Xt—1

where X;_;1 = (17yt271)7th—1 = (Lytfl)

oo Xt—1 n aho Xt—1 14 {(P20 — ¢$10)'Yi—1}* <0

n — "Y1 oh X
In the second term, > 2($20 = $10)Vi1y/ 050 Xs letl{At(zL,zU)} is bounded in abso-

t=

—

/7
alOXt_l

lute value by Ki| > e 1(A¢(21, 2v))]
i=1

For the third term, the numerator is bounded in absolute value by K| >_ (e2—1)1(A¢(21, 2v))|,
=1

where K| and K5 are some constants independent of n.

Following the methond similar to Theorem 3 in [Li, Guan, Li, and Yu (2015)), we can verify

the following three conditions: Ve > 0,7 > 0,3 a positive constant K such that as n is large
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enough,

n
Pr| sup |mzl{At(2L,ZU)}—ll <n>1-c¢
Eay <A —N<z<0 t=1

n
Pr[k sup |m Z etl{At(zL,zU)H < 77] >1—c¢
;<ZU<A,7A<ZL<O t=1

Pr| sup | L > (e — D)1{As(zp,20)} <n] > 1 —¢

n
nQ.r(zv)
%<ZU<A,7A<ZL<0 N t=1

Therefore, is implied. We can further show a similar result for Loy, (21, 2r), and then
that for L,(X\,ror + zr,70u + 2v) — Ln(A 1oL, 7ou).  (6.5)) is thus proved for the case that
p=d=1,z; <0and zy > 0.

The proof for other cases is similar and hence is omitted. The proof of Claim (ii) in this
theorem is similar to that of Theorem 2.2 in [Li, Ling, and Li (2013) and that of Theorem 3.2 in
Li, Ling, and Zakoian| (2015]), and is also omitted.

6.4 Proof of Theorem 4

From Theorem 3, we know n (7, —ror) = O,(1) and n(?y —roy) = Op(1). To further characterize
their limiting distributions, we consider the limiting behavior of a sequence of normalized profile

objective function defined by:
Ln(2) = Lu(Xa(ro + 2),70 + 2) = Ln(Xa(ro), o)

where rg = (ror,70v)T and z = (21, 2)T
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z
Denote ¢, (z 25“{1 — Ry—1(ro)}1{ror < yt—a < ror + FL}l(zL >0)

t=1

+ > {1 = Reoa(ro)}{ror + =2 < ypoa <ror}l(zn <0)

t=1

z
+ > &R (ro){rov < yi—a < rou + ;L}l(ZU > 0)

t=1

Z
+ ZEzth—l(To)l{TOU + ;U < Yi—a < rov l(zr <0)
t=1

o0
where &1, = E CrottjHetj g
i=o

5215 - Z 42 t+th+j 7

7=0

o Xt—1 n {(¢10 — #20) Y1 — €1/ho Xt—1}>

a]_()Xt 1

Ao Xt—1 {(¢10—¢20 Y1+ e/l g X 1)?

62

a1oXt—1 e Xi—1

J
H, ;= H L(ror < Yi—d+1-1 < Tov)
=1

We first prove that, for any B > 0,

sup |-i’n( ) = ¢n(2)] = 0p(1)
[lzl1<B

It is sufficient to verify the following two conditions:

- z
sup [Lyn(2) = {Ln(Xo,70 + =) = Ln(Xo,70)}| = 0p(1)
ll2]I<B n

sup |@n(2) = {Ln(B0,70 + =) = Ln(B0,70)}| = 0p(1)
[lz]|I<B n

2

— €

t

(6.9)

By a method similar to similar to the proof of Theorem 4 in Li, Guan, Li, and Yu/(2015)), we

can use Taylor’s expansion and results of Theorem 3 in current paper to show that holds.

Below we will verify .

Denote R¢(z) = R¢(ro + Z) for simplicity. As in|Li, Guan, Li, and Yu| (2015), we have:
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Ri(2) — R(0) = {Ri—1(2) — Ri—1(0)}1(ror < yi—a < rov)

z
+{1 = Ri—1(2)}1(ror < yt—a < 7oL + ;L)I(ZL >0)
z
—{1=Ri—1(2)}(ror + FL <Yi—a < 7rop)l(zL <0)

z
+ Ri—1(2)1(rov < ys—a < Tou + ;U)l(ZU >0)

z
— Rt_l(z)l(TQU + % < Yp—q < TOU)l(ZU < 0)

= z
and then Ry(z) — Ry(0) = Y Hy ;{1 = Rio1_;(2)}(ror < pr—a—; < 1o + %)1(% >0)
j=0

= z
— ZHt’j{l —Ri1—j(2)}(ror + FL < Yi—d—j < 1or)l(zr <0)
7=0

= z
+ Y Hy R (2)1(rov < Ye—a—j < rou + ;U)l(ZU > 0)
=0

> zZ
- ZHt,thflfj(zﬂ(TOU + ;U < Yt—a—j < rov)l(zr <0)
=0
(6.10)

J
where H; ; = [[ 1(ror < Y4—at+1-1 < Tov)
=1

Denote (; = 11:(00) — l2¢(60)

(yt - ¢'10Y;5—1)2
ajoXe—1

(yt - (plz()}/;t—l)Q

’
—logag, X;_1 — ;
azoXt_l

=logay Xi—1 +

and it holds that Ly (Xo,70 + £) — Ln(Xo,70) = > G{R:(2) — R:(0)}.
i=1

For the first term of (6.10)), i.e., the case with z;, > 0, by a method similar to [Li, Guan, Li,
and Yu| (2015)), it can be shown that:
sup || 32 G >0 Hej{Ri—1-;(2) = Re1—5(0)}1(roL < ye—a—j < roL + 35)[| = 0p(1)
§=0

l=ll<B =1

Note ¢; = (1: when R;(0) = 0 and {; = —(ot when R;(0) = 1. Thus, we have
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n o0 P
ZCt ZHt,j{l = Ry—1-j(0)}1(ror, < Yt—d—j < Tor + ;L)

3
<.

z
G Hirj {1 — Re—1(0)}1(ror < yt—a < Tor + FL)
-J

0
-
=1-

1 t

M
= Iz

i

<
I
o
-
I

= z
> )CeriHipji {1 = Reo1(0)}1(ron < ye—a < 1oz + ;L)

—j  t=n—j+1

Ce+jHerj {1 — Re—1(0)}1(ror < y¢—a < 7oL + 2 ) +0,(1)

o
NE

<
s L

t

Il
-

—J

= > &l = Rea(0)}(ror < ye—a <o + - ) +0p(1)

t=1—j
where the o,(1) is uniformly for ||z|| < B. See also the proof of Theorem 4 in Li, Guan, Li, and,

(2015)) and Lemma 8.2 in [Li, Ling, and Li| (2013]).

Similarly, we can handle the remaining terms in (6.10). Therefore, is implied. With

and , it is clear that holds.

o0
For the space D(R?), we define the skorohod metric as d(f,g) = 3. 27% min{1, dy(f, g)} for

=1
f,g € D(R?), where dj(f,g) is the skorohod metric on D([—k, k] x [—k, k]), see also
ILi, and Yu| (2015)), Li and Ling] (2012)) and (16.4) in [Billingsley]| (1999)).

x>

By a technique similar that used in the proof of Theorem 3.3 in Li and Ling| (2012) and in the
proof of Theorem 5 in |Li, Ling, and Zhang| (2016)), together with Theorem 5.5 in (1972),

we are able to conclude that {¢,(z), 2 € R?} converges weakly to {¢(z),2 € R?} as n — oo.

Moreover, implies that d(L,(z),on(2)) = 0 in probability as n — co. By Theorem 3.1

in [Seijo and Sen| (2011)), it is readily seen that n(7; — ror) — MEL) and n(ry — — M(_U) in
| ] ) y 0 U oU

distribution as n — oo respectively. The remainder of the proof is similar to that of Theorem 2

in Cliar] (1998)).

6.5 Proof of Theorem 5

From Theorem 2 and 3, 71, and 7y are super-consistent, and d is consistent with integer values.
Therefore, it can be assumed that the true values of (rp,ry,d) are known, indicating the true

Regime indicators R; are known.

By definition,
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BIC(p th(e) + (2p + 2)logny + (2p + 2) log no

t=1

== let(é)Rt + let(é)(l — Rt) + (2p + 2) logn1 + (2p + 2) logn2

= let()\l)Rt + Zzzt(xz) (1—Ry) + (2p+2)logny + (2p + 2) log s
where llt(O) =11t (A1) and lgt(O) = la¢(A2) are defined at the beginning of the proof of Theo-

rem 2.

We first consider the case p > py. Below we introduce notations AP AL and N to emphasize
their dependence on the order p. Under the situation p > pg, the model with order p corresponds

to a bigger model, and we have
L1e(ATo) = Lae (A1), l2e(AGg) = l2e(A50)

By an intermediate result in the proof of Theorem 4 in [Li et al.|(2017), we know

S (AR — > (MR, = 0,(1)
t=1

t=1

let(j\f)Rt - let(xfo)Rt = Op(1)
t=1

Zth Y1 = Re) = Lae(A5))(1 = Ry) = O, (1)

let(j\g)(l — Ry) = Y 12(A5) (1 = Ry) = Op(1)
t=1 t=1

As a result,

let (ADR; — Zlu let (ADR; — Zlu (M) Ry
- [let(:\?o)Rt - let()\%)Rt]
t=1
let b Ry] — let POVRy] = Op(1)
il%(x‘;)(l ~ Ry Zlm )1 —R,) = let X)(1—Ry) — let(xgo)(l — R))]
t=1

t=1 t=1

D LA = Re) = Y 12 (AR (1 — Ry)]

t=1 t=1

1D e (M) (1 — Re) = 3 Lae(AB3)(1 — Ry)]
t=1 t=1

= Op(l)

Therefore, BIC(p) — BIC(pg) = O,(1) + 2(p — po)logniny — 0o as n — oo, since Lt —
Pr(R; =1) >0 and 2 — Pr(R; =0) > 0 as n — oo.
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We then consider the case p < pg. Again by an intermediate result in the proof of Theorem

4 in |Li et al.| (2017), we know

n

Lie(ADR: — 3 Lig(AP°) Ry = O,(1) + 0y (1) + c1mg
1

t= t=1

> ae(R5) (1= Re) = 30 12e(X") (1= Ry) = Op(1) + 0p(n2) + coma
t=1 t=1
where ¢y, co are positive constants, defined in the same way as constant ¢ in |Li et al.| (2017)).
Therefore, BIC(p) — BIC(pg) = c1n1 + cang + Op(1) + 0p(n1) + 0p(n2) + 2(p — po) Innqng

= c3n + Op(1) + op(n) + O(lnn)

— 00 as n — 00
since constant ¢z > 0, %+ — Pr(R; = 1) > 0 and 22 — Pr(R; = 0) > 0 as n — 0.
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Figure 1:  Histograms of random variables n(7;, — r1)(upper panels) and n(#y — ry)(lower
panels)
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Figure 2:

Time plots of weekly closing prices of Hang Seng Index (HSI) from January 2000 to

December 2007 (upper panel) and corresponding log retuns(lower panel)
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Figure 3: Sample ACFs of residuals and squared residuals of fitted buffered double autoregres-

sive model in empirical analysis
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